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TFY4245/FY8917 Solid State Physics, Advanced Course NTNU
Problemset 9
Institutt for fysikk
SUGGESTED SOLUTION
Problem 1
(a) The key observation here is to realize that since the dispersion is given by
k2
Enverkyvkz = h(l)c(l’l‘l‘ 1/2) + 2mz ’ (1)

the density of states will be the sum of the density of states for a 1D electron gas (due to the k? term)
shifted to the minimum energies /o, (n+ 1/2). Recall that we have a massive degeneracy in the k,
and k, indices. So let us first briefly derive the 1D density of states for free electrons, using the same
approach is done in the textbook 3D case.

The k-space volume taken up by a single state (generalized “cube” in k-space) is in 1D equal to /L
for a system with length L and using periodic boundary conditions. The latter gives that the allowed
k-values are separated by /L. The k-space volume of a generalized ’sphere” in 1D is simply Vjipe = k.
Therefore, the number of filled states in the sphere is

N = Vine/V = kL/. )
Since £ = 1*k*/2m, we get
L
N=2me" zﬁ 3)

The density per unit energy is then

AN _dNdk  mL

== 4
de dk de  hn/2mE “)

The density of states (DOS) D(¢g) per unit volume is then found by dividing on the ”volume” L of the

crystal:
D)=y [ 5)
~ mm\ 2¢

In our case, we have a 3D system. To get the DOS per unit volume, we thus should divide on L? rather
than L. We should also take into account the degeneracy in k,,k,: namely, we have N; = eBL?/h
number of modes for each n and k, value.

This is per spin.
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Thus, we arrive that the final value for the density of states (per unit volume) and per spin:

Z «mh\ 2(e— | n+1/2]h0)c)®(8_ 1/ ). ©

The step-function is there because the minimum value of the energy for each value of n is ho.(n +

1/2).

(b) The total zero-temperature energy of the system should be the integral over the energy of each
state times the density of states (times a factor 2 for spin):

1
E = ZV/ dee D(g). 7
0
An integration by parts gives

E = 2V ,LlP] / de P] =uN —2VP, (,u) (8)

The explicit expression for P>(u) is

3/2

Py () = Z ( (n+1 /2)th) Ou—(n+1 /2)ho)c) . )

Since we could assume 7@, < u, we can replace this sum over n by an integral. The Poisson summa-
tion formula given in the problem text provides us with:

/o had 1/ hooe
Py(u) = nlh \[ X { / dx (u—xhoo)*? +2Y (-1)* /0 dx (u— xho,)>/? cos(27tsx)}.
s=1

L?3
(10)
Let p = u/ho.. We then have

Pa(30) = o ()" / (p—x)¥2dx+2 Z ) (heo) / (p—x)cos(2msn)dx], (1)

where we defined Cy = nh 12% g for brevity. Use that

p 2p5/2
/ (p—x)*dx = 7175 . (12)
0

Then, we use a partial integration to show that

sin(27sx)

i p _/p sin(27msx) (_ §> (p—x)"dx.  (13)
27s 0 '

/p (p—x)*/? cos(2msx)dx =
0 21s 2

The surface term vanishes. Performing a variable shift u = p — x, we obtain for the remaining term:

31
227s
3/p

T 822 1612552

/p(p—x)?’/zcos(Znsx)d /pdu\/ﬁsinpns(p—u)]
0

[cos(znps)c(zm) +sin(2nps)S(2y/5p)|  (14)
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where in the second line we defined the Fresnel integrals C(z) and S(z) which are two transcendental
functions. Plugging the above results back into our expression for P, (u) gives:

Py (u) ZCo{(hcoC)3/2/ (p— X)3/2dx+22 ) (heo )/ 3Vp

8m2s2

—2(hw. ) —— 3 Z s5/2> [cos(Zn‘ps) (24/sp) +sin(2mps)S (Z\F)H (15)

s=1

Now use

> (=1)° b
E ( 2) =——": (16)
to obtain

2 5/2
Pa() = Co{ (o2

_2(hmc)3/z(\3{217 %i Ss/z)‘[cos(ans) C(2/5p) +sin(2xps)S (2\F)]>}. 17

Compare now 3—\/? with the term containing the sum. As p increases, the first term increase linearly.

On the other hand, the Fresnel integrals C(x) and S(x) both have asymptotes 0.5 as x — co. Numer-
ically, one verifies that the term with the sum is indeed much smaller than g in the limit p > 1,
corresponding to u > i, that we are considering (in effect, B — 0). Therefore, this term can safely

be neglected and we are left with

I [mNL4 20 1
Palu) = nh\/7L23<3 o, 16(ﬁ°°“)\/ﬁ)' (18)

(c) Since Ny o< B and 7, o B, the first term is of order B® and thus determines the energy in the
absence of a magnetic field. We therefore get

1 /mNp4 1

E=EB=0)4+2V—y/=—==-—h 1
(B=0)+2V i\ 2 123160V (19)
allowing us to identify
2
L yevE (20)
V2mh

Problem 2

If j = j/, the exponential is 1, so the sumis N-1 = N. If j # j/, consider the summand which is
oik(j=ia — gigem(j—j)a = \m Q1

where x = e2*~/)/N and we used that r; = ja in 1D.

Since both j and j’ can only take values between 1 and N, and we have assumed j # j/, we get
0 < |j—j'| <N, and therefore x # 1. We now rewrite the sum as
N/2-1 N-1 1— N
Zeik(jfj’)a _ Z o — N2 Z = N2 22)
3 m=0 I—x

m=—N/2

We used above the formula for the sum of a geometric seriers. Since x # 1 the denominator 1 — x is
nonzero. Furthermore, x" = 1, so 1 — x" vanishes. This completes the proof.



